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Abstract 

We determine the cut locus of arbitrary non-simply connected, compact and irreducible 
Riemannian symmetric space explicitly, and compute injectivity radius and diameter for 
every type of them. 

1 Introduction 

Let (M,g) be a Riemannian manifold, p € M and ( : [0,oo) — > M be a normal geodesic such 
that C(0) = p, then the set of t for with d(£(i), C(0)) = * is either [0,oo) or [0,t ] for some 
to > 0, where d(, ) is the distance function on M x M induced by the metric g. In the latter 
case, C(^o) is called the cut point of £ with respect to p and ioC(O) is called a cut point in T P M . 
The union of all cut points in T p M is called the cut locus of p in T p M and denoted by C(p). 
The injectivity radius of M is the largest r such that for all p S A/, exp p is an embedding on 
the open ball of radius r in T p M, which is denoted by i(M); the diameter of M is the least 
upper bound of the length of minimal geodesies in M, which is denoted by d(M). 

C(p),i(M),d(M) have a close relationship with other geometrical quantities, e.g., sectional 
curvature, Ricci curvature, volume, fundamental group, conjugate locus, convexity radius and so 
on. Cheeger, Klingenberg, Toponogov, Berger, Grove, Shiohama, Weinstein, Sugahara, Ichida 
and Puttmann have made a contribution to these topics (see [3] Ch.5-6, [7], [TH], [H], [S], [!%])• 

Generally, it is very difficult to determine C(p), i(M) and d(M) for an arbitrary Riemannian 
manifold M; but for Riemannian symmetric spaces, the task is much easier. Richard Crittenden 
discussed conjugate points and cut points in symmetric spaces in [5]; where he claimed that the 
conjugate locus is determined by the diagram of a single Cartan subalgebra and the isotropy 
group, and proved that the cut locus of p coincides with the first conjugate locus of p for 
every p £ M when M is simply connected (Cheeger gave another proof in [1]). Based on his 
work, the author computed i{M) and d(M) for every type of simply connected, compact and 
irreducible Riemannian symmetric spaces according to the corresponding Dynkin diagram and 
Satake diagram in [20) . Now, we study the non-simply connected cases. The purpose of the 
paper is to determine cut locus of an arbitrary non-simply connected, compact and irreducible 
Riemmannian symmetric space; as an application, we compute i(M) and d{M) for every type of 
them. The author hopes the results be beneficial to doing further research for general geometric 
properties on symmetric spaces of compact type. 
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In Section 2, we summarize the results about cut locus of an arbitrary simply connected, 
compact Riemannian symmetric space, which are due to Richard Crittenden; but our denotation 
is mainly from [8] and [2\. Notice the concept of Cartan polyhedron, which plays an important 
role in the expression of the cut locus and the computation of i(M) and d(M) for both simply 
connected case (cf. [3D]) and non-simply connected case. Moreover, we compute the kernel of 
the exponential mapping explicitly and give two easily-seen corollaries, which are useful for the 
next sections. 

E. Cartan and M.Takeuchi have studied the fundamental group of compact Riemannian 
symmetric spaces, see [18]. But for the expression of the cut locus, we adopt a new idea of 
describing the fundamental group. At the beginning of Section 3, we explore the relationship 
between Z^(K) and the restricted root system, where M = U/K is the universal covering 

space of M and Z^{K) denotes the points in M invariant under the left action of K; then we 

claim that there is a one-to-one correspondence between every subgroup of Z-rf(K) and every 

symmetric space which is locally isometric to M, whose fundamental group is isomorphic to 
the corresponding subgroup of Z^(K). 

Then in Section 4, we bring in new denotation (i.e., Pr and P r , where T is an arbitrary 
subgroup of Zjj(K)) and obtain Theorem 4.1 about cut locus, the main Theorem in the paper. 

Section 5-8 is the process of computing i(M) and d(M). In Section 5, we compute (ej,ej) 
for every type of £ (restricted root system), where e%,--- , e; denote the vertices of Cartan 
polyhedron, (, ) denotes the Killing form; and give the group structure of Zj^(K), which is 
completely determined by X. In Section 6, we introduce two new qualities, i.e., «(Pr) and 
d(Pr) and express them in the form of (ip,ip), where tp is the highest restricted root ; later in 
Section 7, we compute (ip,tp) for every type of reduced, compact and irreducible orthogonal 
involutive Lie algebra (the work is first done by X.S. Liu in [13) . and our method is similar to 
[20] , so we omit the details of computation) ; then combining the results of Section 6 and Section 
7, «(Pr) and d(Pr) are determined explicitly. In Section 8, we give the geometric meaning of 
a parameter e > 0, which only depend on the metric of M, and then we list i{M) and d(M) 
for every type of non-simply connected, compact and irreducible Riemannian symmetric space 
when e = 1, Ric = 1/2 in Table 8.1 and Table 8.2 on the basis of what we have done in Section 
5-7. However, when M = SU(n)/SO(n),SU(2n)/Sp(n) or SU(n), T = Z p such that 2 < p< n, 
the author temporarily have no idea to compute d(M/T). Our computation is on the basis of 
the Dynkin diagram of every reduced root system and the Satake diagram of every type of 
reduced, compact and irreducible orthogonal involutive Lie algebra given by Araki in pQ. 



2 Some results about the cut locus 

Let u be a compact semisimple Lie algebra and 9 an involutive automorphism of u, then 9 
extends uniquely to a complex involutive automorphism of t$, the complexification of u. We 
have then the direct decompositions 

u = E ®P*; where Eo = {A G u : 9{X) = A}, p^ = {A € u : 9(X) = —A}. (2.1) 

Let (,) be an inner product on p„ invariant under Ad Eo, then (u, #,(,)) is an orthogonal 
involutive Lie algebra; without loss of generality we can assume it is reduced (cf. |2J pp.20- 
21). Let M = U/K with [/-invariant metric g is a compact Riemannian symmetric space which 
associates with (u, 6, (, )), then there is a natural correspondence between (T a M, g) and (p*, (, )), 
where o = eK; in the following text we identify T Q M and p*. 
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It is well known that the geodesic emanating from o with tangent vector X e p, is given by 
j(t) — exp(tX)K, where t — ► exp(tX) is a one-parameter subgroup of U (see [8] p. 208); i.e., if 
we denote by Exp : p„ — » (M,g) the exponential mapping, then Exp(X) = exp(X)A"; and 



d Exp x = dr(expX) o V ™" iGp,; (2.2) 
^(2n+l)! 



where r(a) denotes the mapping i— > a6_ftT of [7 / K onto itself for arbitrary a G [/, Tx denotes 
the restriction of (ad X) 2 to p* (see [8] p. 215). By the properties of compact Lie algebra, ad X 
is anti-symmetric with respect to (, ), thus Tx is symmetric with respect to (, )« ; which yields 
that the eigenvalues of Tx are all real; denote by (p*)\{Tx) the eigenspace associated to the 
eigenvalue A of Tx , then obviously 

A = 0; 

y [TxT = J i sinh (VA) A > 0; (2.3) 



- (2n + l)!(pJ,(T x) | J^nnY^A) A < 0. 



Therefore 



ker(dEx Px ) = (p*) A (Tx). (2.4) 

A<0,\/^Ae7rZ 

Let denote an arbitrary maximal abelian subspace of p^, l)j> o be an abelian subalgebra 
of Eo such that © t>p is a maximal abelian subalgebra of u, and t> denote the subalgebra 
of tj generated by h>% g 8 i>p . Denote p = \/— Tp*, P = P* ® C, E = E ® C, fcp = \/— l&p > 
I)p = f)p ® C, l)g = i>f Q ® C, then the Killing form (, ) = £(, ) is positive on y^li>f o © l)p o ; 
let A be the root system of with respect to I), then \] — lfy> © I)p is the real linear space 
generated by A, which is denoted by h> R . Denote by A + the subset of A formed by the positive 
roots with respect to a lexicographic ordering of A; for every a G A, denote by a 6 = 0(a), by 
a = l/2(a — a ) the orthogonal projection of a into p . Denote by Ao = {a G A : a = 0}, 
Ap = {a e A : a / 0}, P+ = A + n Ap; by S = {a : a e Ap} the restricted root system. £ has 
a compatible ordering with A, and S + = {a : a G -P+}. Denote by 

g 7 = {a; g : [if, x] = (£T, 7)3;, ]Jep} 7 G S, (2.5) 
E 7 = (B~ © 0_J n E, p 7 = (b„ © S _ 7 ) n p 7 G E+ (2.6) 



^7 — VS7 ^ i> — 1 1 v j t^7 

and by m 7 = dime 7 the multiplicity of 7, then 



B = %(M® (©87)' E = 5 E (M©( ^ P = ^p©( © P7) ( 2 - 7 ) 

7GS 7GS+ 7GS+ 



and 



m 7 = J {a G Ap : a = 7} , dimE 7 = dimp 7 = m 7 (2-8) 

(cf. [8] pp.283-293). 

For every X £ p„, there exists fe G A' and G l)p , such that X = Ad(k)H (cf. [21 P- 31). 
For arbitrary u G p 7 , (ad H) 2 u = —{ad (—\/^lH)) 2 u = —(—\/^IH,j) 2 u; — ^/— Lff,7 G I)p o 
yields (-y^lH,j) 2 > 0; i.e., 

P 7 np,c( P ,)_ ( _^ flil)! (r H ). (2.9) 
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Since X = Ad(k)H, ad X = Ad(k) o ad H o Ad(fc)- 1 and moreover T x = {ad X) 2 = Ad{k) o 
(ad H) 2 o Ad(k)^ 1 = Ad(k) o Th ° Ad(k)~ 1 ; which yields the eigenvalues of Tx coincide with 
the eigenvalues of Th and for every eigenvalue A, {p*)\(T x ) — Ad(k)((p^)x(T H )) ■ By (2.4), 
(2.7), (2.9), we have 

Theorem 2.1. Let M = U/K be a compact Riemannian symmetric space such that U is a 
semi-simple and compact Lie group, and the denotation o/p + , to, i> Pt , E, Exp is similar to above, 
then for every X = Ad(k)H E p^, where k E K, H £ h> Pt , X is a conjugate point in T a M if and 
only if there exists at least one 7 € E, such that 

(if, 7) €7iy-L(Z-0) (2.10) 

andker(Exp)x is the direct sum of Ad(k)(p 7 F\p Sf ) such that~f £ E + and (H,^) E tk\[— \{7L— 0). 

Denote by C(p) the cut locus of p £ M in T p M, by 

6(p) - {X £ T P M : d(p,exp p (X)) - |X|}; (2.11) 

then X E &{p) if and only if there exists Xq E C(p) and t E [0, 1] such that X — tXo, and 
moreover C(p) — d&(p) (cf. [3j pp. 94-95). In 1962, Richard Crittenden proved the following 
proposition in [5]: 

Lemma 2.1. Lei M be a simply connected complete symmetric space, for every p E M , the 
cut locus of p coincides with the first conjugate locus of p. 

Then by Lemma 2.1 and Theorem 2.1, X = Ad(k)H E 6(0) if and only if (tH, 7) ^ 
-K\J — 1(Z — 0) for every t E [0,1) and 7 E S, where k E K and _ff e l)p ; which implies 

- tt\/^1 < (if, 7) < tt\/^T for every 7 E S. (2.12) 

Now we denote by C the Weyl chamber with respect the ordering of E, i.e., C = {x E 
hp '■ (2^7) > for every 7 E £+}, by II the set of simple roots. Recall that the planes 
(a;, 7) E Z(7 E E) in l)p constitute the diagram -D(E) of E, and the closure of a connected 
component of l>p — -D(E) will be called a Cartan polyhedron. Especially, let A be the set of 
maximal roots, then the inequalities (a;, 7) > 0(7 E n),(x,/3) < l(/3 £ A) define a Cartan 
polyhedron, which is denoted by A (See j2] p. 10). Obviously A C C, where C denotes the 
closure of C in fyp^ . Since Weyl group W permutes Weyl chamber in a simply transitive manner 
and every element of Weyl group can be extended to Adu(to) (See [8 pp. 288-290), for every 
Xgp„ there exist k E K and H E V^T C such that X = Ad(k)H. By (2.12), X E 6(0) if 
and only if H £ n^—lA. Then we have 

Theorem 2.2. Let M = U/K be a simply connected and compact Riemannian symmetric space 
such that U is a semi-simple and compact Lie group, and the denotation of p^, to, i> Pt , E, A is 
similar to above, then &(o) = Ad(K)(TT\/—lA). 

From Theorem 2.2, by the completeness of M, we easily obtain the following Corollaries: 

Corollary 2.1. The assumption and denotation are similar to Theorem 2.2, then for every p £ 
M, there exists k £ K and x £ A, such that p = Exp(Ad(k)(TT\/—lx)) , and d(o,p) — ir\ y — lx\; 
where \X\ = (X,X)^ 2 for arbitrary X E T M = p„. 

Corollary 2.2. The assumption and denotation are similar to Theorem 2.2 and Corollary 2.1; 
denote p = Exp(iT^/—lx) , q = Exp(ir^/—ly), where x, y G A, then d(p, q) = n\^f—\(y — x)\. 
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Proof. Since the metric g on M is [/-invariant, 

d(p,q) = d(r(exp(— -k\J — \x))p, r(exp(— it\J — lx))q) = d(o, Exp(7rV— l(y — a;))) ; (2-13) 

since x,y e A, for every 7 6 £ + , (x, 7), (y, 7) € [0,1], thus (y — x,-f) G [—1,1]; then (2.12) 
yields iry/— l(y — x) G 6(0); by the definition of 6(0) and (2.13), d(p,q) — tt\ \J — l(y — x)\. □ 

3 Some properties of Z^(K) 

In this section, we assume (u, 9, (, )) be a reduced, compact and irreducible orthogonal involutive 
Lie algebra, U be the simply connected Lie group associated with u, and M = U/K with U - 
invariant metric g be a simply connected Riemannian symmetric space associated with (u, 9, (,)). 
Denote by a _thc involutive automorphism of U induced by 9, then the fixed _point set of a 
(denoted by Us) is connected (see [H],EI,[3] PP-102-103); which yields that K — Us is the 
connected Lie^subgroupjaf U generated by Co- Denote by exp the exponential mapping of u 
onto U, by Exp : p„ — > M X 1— > exppQ.K', by o = eK, where e the identity element of U . The 
denotation of i>p ,i>p , l)p, l)g o , S, II, A is similar to Section 2; since (u, 0, (,)) is irreducible, 
£ is also irreducible and A is a simplex; let ■0 be the highest restricted root, II = {71, • • • ,7;} 
(I = rank(S) = dim(l)p )), and d\, ■ ■ ■ ,di G Z + such that ip = X)i=i ddi, then the vertices of 
A include 

ei, • • • ,e;; (ej,7») = ( 3 -l) 

Denote Z-^(K) = {p G M : r(k)p = p for every fc G if}, then on Zj^(K) we have the 
following proposition: 

Proposition 3.1. There exists a natural group structure on Zj^(K) if we define aK-bK = abK 
and (aif) -1 = a~ x K for every aK,bK G Z-^(K). Then Zj~f(K) is a finite abelian group, and 
for every p = aK G M — {o}, the following conditions are equivalence: 

(a) p G Z S {K); 

(b) a G Njj(K), where Njj(K) denotes the normalizer of K in U; 

(c) aa* G Z{U) n exp(l)p ), where Z{U) denotes the center of U and a* — cr(a) -1 ; 

(d) p = Exp(iry/—lej) such that dj = 1. 

Proof, (a) <==> (b): If p = aK G Z-rf(K), then for every k G K, aK = kaK, which yields 
a~ 1 ka G K, i.e., a G Njj(K); and vice versa. 

(6) ==>• (c): It is well known that {/ = ifexp(I)p )K (cf. [2] pp. 74-76), so a = &iexpX&2 for 
some and 61, o 2 G K. a G Nfj(K) yields expX G Nfj(K); by the easily-seen facts that 

(6c)* = c*b* and fc* = fc -1 for arbitrary b,cG U and k £ K, we have 

aa* = &iS$X& 2 &2*(Sq5^Q*&i = Ffci (expX(expX)*) ; (where F b (c) = bcb' 1 ) 

so aa* G Z(U) n exp(I)p ) if and only if e^X(expX)* does; without loss of generality we can 
assume a = expJ^ ■ For every k G K, there exists k' G K , such that ka = ak' , thus 

Fk(aa*) = kaa*^ 1 — ka(ka)* — {ak')(ak')* — aa* . 
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Since l)p is abelian, aa* — exp(2X) is invariant under i*g£py for arbitrary 7 6^; furthermore, 
it is invariant under Fb — Fk ± o -Fgjpy ^fc 2 fo r arbitrary 6 = fciexpYfe € t/. Hence (c) holds. 

(c) (6): Denote a = biexpXb 2 , where bi,b 2 G K and X G i>p . Z(U) 3 aa* = 
b 1 exp(2X)b^ 1 implies exp(2X), exp(-2X) 6 Z(i7); then for every k £ K 

<r(Fe£p X k) = -F5(5SfpX)2r(fc) = F^(-x)k = ^kp(-2X)-Fkpxfc = ^kpxfc; 

i.e., F^ x k £ K, expX £ Nfj{K). Hence a = 6iexp(X)fe 2 £ Nfj(K). 

(a) => (d): By Corollary 2.1, there exists k G if and x G A, such that p — "Exp(Ad(k)(Tr^/—lx)) 
= r(fc)Exp(7T\/— Ta;), then (a) implies p = r(k^ 1 )p — Exp(7T\/— lx). 

Denote X = 7T\/— lcc, then for arbitrary Y - G Eo and tet, 

Exp(X) = p = r(exp(tr))p = r(S$(fY))Exp(X) = lSp(exp(t adY")X). (3.2) 
Differentiate both sides of (3.2) and then let t = 0, we have 

(d Exp) x [Y,X] = 0. (3.3) 
Notice that a; G A; applying Theorem 2.1, we obtain 

[Y,x]e (p 7 n P J. (3.4) 

7eE+,(x,7)=l 

p ^ o yields X ^ 0, then there exists jj G n, (X, 7,-) ^ 0; take nonzero V G E 7j D Eo, then 
[Y, X] G p 7 n p„ and (3.4) yields (x, jj) — 1; since x G A, we have (x, i/)) = 1 and moreover 

/ 

1 = ( x ,^i) = ^di(x,7 4 ); 
i=i 

which yields dj = 1 and (x, 7,;) = #«; i.e., x = e,. 

(d) =>■ (c): p = Exp(7rv— le?) yields aa* = exp(27r-\/— lej) G exp(()p ). Denote by Ad : 
U — > G£(u) the adjoint homomorphism, then 

Ad(aa*)|^ = exp(27rv^Tad e,-)!^ = e 27rv/=T ( e ^ = 1 7 G E; 

i4d(ao*)| s ^ = exp(27r\/^Tad ej)|j ^ = 1 (3.5) 

By (2.7), aa* G ker(^ld) C Z(E7). 

Nfj(K) is a Lie subgroup of U, and the Lie algebra associated to Nfj(K) is ttu(Eo) = Eo 
(since (u, #,(,)) is semi-simple, cf. [2] p. 25); so K is the identity component of Nfj(K) and then 
Zjg(K) = Nfj(K)/K is a finite group. 

Define * : Z^{K) -> Z(U) n ScpftpJ 

aif 1 ► aa*; (3-6) 

obviously "J (o) — e and 

V(aK ■ bK) = *(a&#) = afe(a6)* = a(bb*)a* = aa*(bb*) = V(aK)V(bK) 
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for every aK, bK g Zj^(K); if ^(aK) = e, then a(a) = a and therefore aK — o; hence ^ is a 
monomorphism. Zj^(K) could be considered a subgroup of Z(U), which is an abelian group. □ 

By Corollary 2.2, d(Exp(7r-\/— lej), Exp(-7T\/^Tefc)) = n\\/^T(ek — ej)\ ^ when j ^ k, then 
Proposition 3.1 tells us 

Z Tl {K) = {Sp(7T^ ej ) : dj = 1} U {5} (3.7) 

For every j ^ k such that dj = dk = I, (ej — ek, 7) € [— 1, 1] for arbitrary 7 € S, so there exists 
uj E W and x € A, such that — = u>(x); let k £ K such that cj = Ad(fc)|j, , then 

%(^) 3 ^(^y^Te^lSp^^efe)- 1 = Exp(7r^( ej - e*)) 
= T(fc)Exp(7rV— lx) = Exp(7rv / — lx). 

From the proceed of proving Proposition 3.1, we have x = e r for some 1 < rj< I such that d r = 1. 
Similarly, there exists 1 < s < / such that d s = 1 and Exp(7r\/— l e j) = Exp(7r\/— le s ). It tells 
us that the group structure of Z-^(K) can be uniquely determined by the type of S, and using 

the technology stated above, we can write Exp(7iV — lej)Exp(7T\/— le^) -1 and Exp(7iV— le^-) -1 
precisely. We shall give the results for every type of S in Section 5 after concrete computation. 

Z-rf(K) has a close relationship with the fundamental group of Riemannian symmetric 
spaces. Let M = U/K with [/-invariant metric be a non-simply connected Riemannian sym- 
metric space associated with (u, 9, (, )), then the universal covering group of U is U; denote by 
X ■ U — > U the covering homomorphism and by 7r : M = U /K — » M = U/K 

aK^ X (a)K; (3.8) 

then 7r is obviously a covering map, and thejDullback metric ir~ 1 g coincides with g. Jin this 
case, M is called a Clifford-Klein form of M ; M is isomorphic to the quotient of M by a 
properly discontinuous group of isometries L, which is isomorphic to 7r _1 (o) = x^ x (K)jK 
(cf. pp. 101-105). By x(K) C AT, x _1 (-?0/^ is invariant under r(k) for arbitrary k E K; 
furthermore, since x~ 1 {K)/K is discrete, any point of which is invariant under r(fc); therefore 
7r _1 (o) C Z-rj(K), i.e., the fundamental group of M is a subgroup of Zj^(K). 

Conversely, let T be an arbitrary subgroup of Z-^(K); by Proposition 3.1, W(r) is a subgroup 
of Z(U), where 'J is defined in (3.6); let £/ = [//'I'(L), denote by % '■ U — > C/ the covering 
homomorphism. For any aa* € *(r) such that aif g L, since exp(fe) = (b*)^ 1 and b** = 6, 

a(aa*) = ((aa*)*)" 1 = (a**a*)- 1 = (aa*)" 1 g ¥(T), 

i.e., ct keeps ^(r) invariant; so 5 induces a involutive automorphism of U, which is denoted 
by a. Let K = U a , and the definition of 7r is similar to (3.13), then for every a £ U, aK g 
tt-^o) = x~H K )/K if and only if 

= X(o) i-e., V(aK) = aa* = ad{a)- x g kcr(x) = *(T); 

so the fundamental group of M is isomorphic to L. We can express M as M/T, 

Therefore, all of the subgroups of Z-^(K), which is uniquely determined by the type of S, 
could completely determine every compact and irreducible Riemannian symmetric space which 
is locally isometric to M, i.e., every Clifford-Klein form of M. 
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4 The cut locus of non-simply connected, compact and 
irreducible Riemannian symmetric spaces 



Our assumption and the denotation of (u, 9,{, )), M, Zj^(K) is similar to Section 3. Let 

M = M/T be a Clifford-Klein form of M, where T is a subgroup of Zj-f(K) satisfying T ^ {o}; 

and denote by n : M — > M the covering mapping. We will discuss the cut locus of M; and our 
denotation of C(p) and &{p) is similar to Section 2. 

Obviously 7r(Exp(X)) = Exp(X) for arbitrary lep,. By the properties of covering maps, 
we have 

d M (o,Exp(X)) =minrf 5? (p,Sp(X)). (4.1) 

Let X E 6(o), i.e., <f A /(o, Exp(X)) = |X|, then (4.1) implies d^(o, Exp(JC)) > on the 

other hand, obviously d^(o, Exp(X)) < then d^(o, Exp(X)) = i.e., X E 6(5). 

By Theorem 2.2, there exists k E K and x G A, such that X = Ad(k)(iry/—lx). For any 
p = Exp(7rV^Tei) G T, by Corollary 2.2, 

d^(p,E^p(X)) = d^(p,T(k)^{TrV = lx))=d^(r(k- 1 )p,E^p(7rV^lx)) 

= d^(Exp(7r\/^Te. i ),Exp(7rv / ^Ta;)) = 7r|V^T(a; - ei)|. (4.2) 

Then by (4.1), 

|X| = min(i l7 (f),fkp(X)) = min{|X|,7r|V = T(x- ei)| : F^p(nV^Te l ) E F} 

= min |7r|V— lack 7r| V— l(x — e») 1 : Exp(7rV— lei) € F}; 
i.e., x G A and | \/— lx| < | ■</— l(x — e,)| for every Exp(7iV— le,) G T. (4-3) 

Conversely, if (4.3) is satisfied, it is easy to check that du (o, Exp(X)) = \X\. Therefore, (4.3) 
is a necessary and sufficient condition for X E S(o). 

The condition (4.3) can be simplified further. Since (u, 6, (,)) is irreducible, there exists a 
positive constant e, such that 

(, ) = — e(, ) (, ) be the Killing form on tj (4-4) 

(cf. [2] pp. 23-26). Then for every y E p > | v— ly = e(y,2/); hence |v — lx < |v^l(x — ) | if 
and only if e(x, x) < e(x — e,, x — ej), i.e., (x, ej < l/2(ej, ej). 

As a matter of convenience, we bring in new denotation: 

DENOTATION 4.1. Given an arbitrary subgroup F C Z^(K), we denote 

P r = {x G A : (x, e t ) < -(e h a) for every Exp( 7 r\/^Te. i ) G T}; (4.5) 

P r = {x G Pr : (x,ip) = 1 or (x,ej) = -(ej,e,-) for some j such that Exp(7T-\/^Tej) G F}. 

(4.6) 

For any x G Pr, if tx $ Pr for every t > 1, then x G Pf; and vice versa. So we have the 
following Theorem: 
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Theorem 4.1. Let (u, 6, (,)) &e a reduced, compact and irreducible orthogonal involutive Lie 
algebra, M = U/K be the simply connected Riemannian symmetric space associated with 
(u, #,(,)), M = M/r be a Clifford- Klein form of M, where V is a subgroup of Zj^(K) sat- 
isfying T {5}, then 6(o) = Ad{K)(-K<J-iPv) and C{o) = d&{o) = Ad{K){-K^f-iPPj . 



5 Some computation on e$ and several corollaries 

The section is preparation for the next section. One of our purposes is to compute (ej, ej), after 
which, we will give the group structure of Z^(K). 

When computing (e,-,e.j), we assume Z-z-AK) ^ {o}, which implies E = a;, b;, c;, 6;, C6 or e7 
(by (3.7)). If E is a classical root system (a/, b;, c; or 6j), then E can be imbedded into Euclidean 
space in a natural manner (see [8] pp. 461-465); so we can express ej explicitly according to (3.1) 
and then compute (ej, e^). Otherwise, when E is an exceptional one, the following Lemma takes 
effect. 

Lemma 5.1. The denotation o/E,II, 7j,ej is similar to Section 3, if we denote flij = (7^,7^), 
then {e l ,e j ) = l/(d j d l )(fl^ 1 ) ji . 

Proof. Since {71, • • • , 7/} is a basis of i>p a , we can write ej — j k Aj; then (3.1) yields 

A^ = (e j)7i ) = (7fe4,7») = Ap ki] (5.1) 
so Aj = l/dj{Qr l ) ki 8ij = l/djiQ- 1 )^ and 

(euej) = hkAtej) = ^ ]k A\ = Aj ifc A(fi-i) H = -A^fi" 1 )^. □ 

Now we give the detail of computation of (e,, ej) for every type of E. 



E = > 1): The corresponding Dynkin diagram is 

Denote 7, = Xi — Xi+i (1 < i < Z), then E = {±(xj — Xj) :l<i<j<Z + 1}, ^ = xi — xi+i 
7a and therefore (xi,Xj) — l/2(*0, ip)dij] by (3.1), we obtain 

2 j ' +1 



-((Z + l-j^^-j £ a*) l<i<I; (5.2) 



E = bi(l > 2): The corresponding Dynkin diagram is 



71 72 7J-1 7/ 
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Denote 7* = Xj — Xj+i(l < i < I — 1), 7; = x;, then £ = {±(xi ± Xj) : 1 < z < j < 1} U {±Xi : 
1 < i < /}, -0 = xi + x 2 = 71 + 2^ i=2 7i and therefore (x i} Xj) = 1/2(^,^)5^; by (3.1), we 
obtain 

e 1 = ^ 1 ,e j = ^t, fe (2< j <0; (5.4) 



«0 = (^) . «i) = (^) ( 2 < ^ 0, («, e,) = ^ (2 < i < j < I) 

(5.5) 



S = c; (/ > 3) : The corresponding Dynkin diagram is 

7i 72~ ^U^T^li 

Denote 74 = xi — Xi + i(l < i < I — 1), 7/ = 2a;;, then S = {±(xi ± Xj) : 1 < i < j < 1} U {±2xi : 
1 <i<l},tp = 2xi = 2^-~^7i +7; and therefore (xi,Xj) — l/4(ip,ip)Sij; by (3.1), we obtain 



2 



$>fc i<i<^; (5.6) 



(e ^" ) = «^y 1 - * - j - ^ (5-7) 

E = i>i(l > 4): The corresponding Dynkin diagram is 

7i 72 7i-2\3 7; 

Denote 7, = Xi — x i+ i(l < i < I — 1), 7; = x;_! + x ; , then S = {±(2^ ± x.,-) : 1 < i < j < I}, 

tjj = xi + x 2 = 71 + 2^=2 7i + 7(-i + H and therefore (x i5 Xj) = l/2(ip,ip)5ij; by (3.1), we 
obtain 

2 1 ^ J , 

e i = 77— T x i' e i = / ; n E^ ( 2 < J < '-2), 



(ei ' ei) = ' (ei ' e ^ = (v^y (2 - j - 0> (ei ' ej) = (2 - 1 - ' _ 2 and 3 - i}) 

(Q-x.e,-!) = fo.e,) = (e,_ liej ) = ±=^. (5.9) 

E = The corresponding Dynkin diagram is 




71 72 73 74 75 
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Then ip = 71 + 272 + 373 + 274 + 75 + 27 6 ; since all the roots have the same length, 

\ 



/ 2 -1 
-1 2 -1 

-1 2 -1 -1 
-1 2 -1 
-1 2 

V - 1 2 J 



then by Lemma 5.1, 



((ei.e J -)) = (^(n- 1 ) J - < ) 



S = C7: The corresponding Dynkin diagram is 





/ 8 


5 


4 


4 


4 


3 \ 




5 


5 


4 


4 


4 


3 


1 


4 


4 


4 


4 


4 


3 


3(V,V) 


4 


4 


4 


5 


5 


3 




4 


4 


4 


5 


8 


3 




V 3 


3 


3 


3 


3 


3/ 



(5.10) 




71 72 73 74 75 76 

Then ^ = 71 + 272 + 373 + 474 + 375 + 27 6 + 277; since all the roots have the same length, 



/ 2 

-1 



-1 
2 

-1 



\ 



-1 



-1 



then by Lemma 5.1, 



1 



1 


2 


-1 






-1 








-1 


2 




-1 












-1 




2 










-1 








2 ) 






/ 


36 


24 


20 


18 


16 


12 


18 \ 




24 


24 


20 


18 


16 


12 


18 




20 


20 


20 


18 


16 


12 


18 




18 


18 


18 


18 


16 


12 


18 




16 


16 


16 


16 


16 


12 


16 




12 


12 


12 


12 


12 


12 


12 


V 


18 


18 


18 


18 


16 


12 


21 J 



(5.11) 



From (5.2), (5.8), using the technology given in Section 3, we can give the group structure 
of Zfc(M), which only depend on the type of S. 

Proposition 5.1. (i) IfT, = ts,f 4 ,g 2 or {tylfl ^ 1)> then Zj^(K) = {0} = 7L\. 

(11) J/E = a t , thenZ^(K) = {Exp^y/^lej) : 1 < j < l)}u{d} = Z l+1 , and (i?xp(7rV^Tei)) j 
Exp(n\/—Tej) for every 1 < j < I. 

(Hi) If £ = b; , then Z-^(K) = {Exp^^/— lei), 0} = ^2- 
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(iv) J/E = ci, then Z^(K) = {£fcp(7iV=Tej),o} = Za. 

fyj J/S = 6;, t/ien Z^f(K) — {Exp(ny/^lei), Exp^^f^lei-i), Exp(ii\f^lei), o} . When I is 
even, it is isomorphic to Z 2 ®Z 2 ; when I is odd, it is isomorphic to Z4 and (Exp^yf^lei-i)) 2 = 
Exp{%\[— Tei), {Exp{K\J — le;_i)) 3 = Exp(-K^f— lei). 

(vi) IfT, = c 6 , tfien Zj^(K) = {Exp^y/^Tex), Exp^y^Te^)^} = Z 3 . 

(?«i) 7/E = e7 7 Z/ien Zj^{K) = {Exp(ny/— lei), 0} = 2<2- 

Proof. By Proposition 3.1 and (3.7), from the fact that a group of prime order is a cyclic 
group, (i) , (iii)-(iv) , (vi)-(vii) is easily seen. 

When S = a/, by (5.2), 



Sxi-Xj + l ( e j + l 



ej) = ei 1 < j < Z - 1; 



Sx!-x !+1 (-e;) = ei. 



(5.12) 



Where s 7 (7 G £) the reflection with respect to 7 = 0, which belongs to the Weyl group. 



(5.12) yields Exp(ny/=le j+1 ) (Exp^-/^-)) " 
Exp(7T\/— Tei) and furthermore we have (ii). 
When S = b u by (5.8), 



Exp(7rv / — Tei) and (Exp(7r\/^Te;)) = 



5 ii+x 2 s ii-x 2 ( ei) ei; 

s x 2 +a:3 S a;4+2:5 ' ' ' s Zl-2+£l-l ( e l — e Z-l) = e i 



if Z is even, 



1 s 2:2+2;3 S a;4+2;5 ' ' ' s xi- 3 +xi- 2 ( e l e i-l) 



if Z is odd. 



(5.13) 



Which implies 



(Exp(7r\/^Tei)) 1 = Exp(7r 
Exp(?r\/^Tei) (Exp(7r\/^Te ; _i)) 



lei); 

1 



Exp(7T-\/^Te;) Z is even; 
Exp(7T\/^Te;_i) Z is odd. 



(5.14) 



Since \Z-j-AK)\ = 4, Z-rf(K) is isomorphic to Z 2 ® Z 2 or Z4; then (v) is easily obtained. □ 



6 The computation of i(Pr) and d(Pr) 

Our assumption and denotation keep invariant. At the beginning of the section, we define two 
new quantities. 

DENOTATION 6.1. Define 



i(Pr) = min (x, x) 1 ^ 2 , d(Pr) = max(x,a;) 1 / 2 = max(i, 1) 



1/2. 



xeP' 



xePr 



xeP' 



(6.1) 



where (, ) is an inner product on t>p^ induced by the Killing form on tj. 



In the following we shall compute i(Pr) and d(Pr). 

By the definition of P r , for every x G P r , (x,ip) = 1 or (x,ej) = l/2(ej,ej) for some 
j such that Exp('K^/^lej) G T, which implies dj = 1. If (x, VO = 1, then 1 = (x,i/>) < 
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(x,^) 1 / 2 ^,^) 172 , which yields (x,x) x / 2 > (^,V)~ 1/2 ; if {x,e,) = l/2(e :j ,e j ), then l/2(e j,ej) = 
(x,ej) < (x,a;) 1 / 2 (ej,e J ) 1 / 2 , which implies (x^x) 1 ' 2 > l/2(e j ,e j ) 1 / 2 . Thus 

i(P r ) > min {(i/>,-0)~ 1/2 , ^(ej, ej ) 1/2 : Sp^x/^le,) G r}. (6.2) 

If the right side of (6.2) is equal to l/2(efe, e^) 1 / 2 for some fc, let x = l/2e/c, then (x,7i) = 
l/25 ik > for every 1 < i < /, (x,V0 = 1/2 < 1, (x,e,) = \/2{e k ,e j ) < l/2{e k ,e k ) 1 ' 2 {e 1 ,e ] ) 1 / 2 < 
l/2(ej,ej) for every j such that Exp(7rv / — Tej) € T; which yields x G P r and hence i(Pr) = 
l/2(efc, efc) 1 / 2 . Otherwise, the right side of (6.2) is equal to (ip, ip)^ 1 / 2 , let x = ip/(ip,tp), then 
(#>7i) > 0, (x,V0 = 1, {x,ej) — (tp.ip)^ 1 < l/4(e_j, e,-) < l/2(ej,ej) for every j such that 
Exp^V^Iej) g T; which yields x G P r and then i(P r ) = (ip, ip)~ 1/2 . Therefore 

i(Pr) =min{(^,^)" 1/2 ,i(e J ,e J ) 1/2 : Exp(7rV^T ej ) g r}. (6.3) 

By (6.3) and the results of (e;, ej) in Section 5, we can compute i(Pr) for any given £ and 
T. We list the results as follows. 

^(^-W/^ + i)-^ r = z m; 
, , , , (v>,v:r 1/2 G-i) 1/2 (* + i)- 1/2 r = Z i±1 ,Z>3,nsodd; 

i;l:S ^J" 1 " Z = 5,r = Z 2 ; (6 ' 4) 

(ip,ip) 1 ^ 2 otherwise. 

£ = b,:*(P r ) = ^W)- 1/2 (r = Z 2 ). (6.5) 

S = Ci:z(P r )=min{l,V/ 2 }(^V)- 1/2 (r = Z 2 ). (6.6) 

E = 6, • zfPr) = { ^^^)" 1/2 STp^V^TeO g T; 

' 1 J \ min {1,^/2}^ ^-1/2 E^W=T ei )£r. 1 J 

S = c 6 :*(P r )-^(V',V')- 1/2 (r = Z 3 ). (6.8) 

E = c 7 :*(P r ) = ^(V',V')- 1/2 (r = Za). (6.9) 

What about c?(Pr)? Notice that Pr is a convex polyhedron, and for any xi,x 2 G Pr and 

ie[o,i], 

(tei + (l-t)x 2 ,t Xl + (l-t)x 2 ) 1/2 = (t 2 (x!,a;i) + (1 -t) 2 (x 2 ,x 2 ) + 2t(l -t)(x 1; x 2 )) 1/2 

< t(x 1 ,x 1 ) 1 / 2 + (l-t)(x 2 ,x 2 ) 1 / 2 ; (6.10) 

which yields that x g Pr i— » (x,x) 1//2 takes its maximum at the vertices of Pr . It is an elementary 
idea to determine all the vertices of Pr explicitly and then compute rf(Pr). Sometimes the 
method takes effect, but when the vertices are too many it doesn't; so we need peculiar tricks 
for concrete examples. Now we give two lemmas which will play an important role later. 

Lemma 6.1. m G Z + , a > 0, 6, s > satisfying ma < s < mb, then if X\,--- ,X m G 
[a, b],J2iLi K < s ; we have 

A 2 < V + — 2 6 2 + c 2 ; where c = s - a - — ft. 6.11 

1 1 b-a 1 1 b-a 1 1 b-a 1 L b-a 1 v y 

?,=i 
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Proof. Denote D — {(Ai, • • • , A m ) € [a, b] m : Ei^i — s }> then D is compact and every 
continuous function on D can takes its maximum. Denote by (/ii,- • • , Mm) G D such that 
Eili M? > Eili ^1 f° r ever y (Ai, • • • , A m ) e D. We claim : 1 < i < to} n (a, 6) has at most 
one element. If not, we assume a < fix < fi2 < b without loss of generality, then there exists 
sufficiently small e > such that Mi — s, M2 + £ € (a, 6); let Ai = Mi — e, A 2 = /i2 + e, A, = Mi 
(3 < z < m), then obviously EHi A i > Eti Mi j which causes a contradiction. Using the same 
trick, we can prove Ei^i Mi = s - Then we can easily obtain (6.11). □ 

Lemma 6.2. Let m € Z+, t\ > ti > ■ ■ ■ > t m > 0, if Ai > A2 > • • • > A m > such that 
Efe=i A fe < ELi / or ever V 1<3 <m, then Y^jLi < Ejli *j- 

Proof. Denote Sj = Ei=i *ki Mj = E/Li ^fc (1 < j < m ), tncn Ai > A2 > • • • > A TO > 
and EiLi A fe < Efe=i tk if and only if 

2/ii - M2 > 0, 2^2 - Mi - M3 > 0, • • • , 2/i m _i - /u m _2 - Mm > 0, [i m - m™-i > 0; 
Mj < s j (1 < j < to). 

Denote by D = {(zi, ■ ■ ■ , z m ) e K m : 2zi - z 2 > 0, z m - z m _i > 0, 2z fe - z fe _i - z fe+ i > 0, Zj < 
Sj for any 2 < k < m—l and 1 < j < m}, then obviously D is convex and • • • , Mm), (si, ■ ■ ■ , s 
D. Denote by ((t) = (1 - *)(/*!,■ " ,Mm) + t(*i,"- ,a m ), then CM G Z? for i e [0,1], 
C(0) = (mi, • • • ,Mm), C(!) = (si) ' ' ' , s m) and C(i) = (si - Mir ■ ■ ,s m - Mm)- 
Define / : D -» M 

m— 1 

/(Zi, ■ • • , Zm) = Zl + - ^j) 2 , 

then /(^i, ■ • • ,/j, m ) = Y!?=i X], f{si, ■■■ ,s m ) = EJli* 2 ; sincc 

df df df 

= 2(2zx-z 2 ) > 0, -i- = 2(2z,-z,_ 1 -z, +1 ) > 0(2 < j < m-1), — i- = 2(z m -z m _!) > 0, 
OZ\ OZj oz m 

(/ ° C)'(*) = Ei<j< m («i - M,)^(CW) > and therefore / o C(l) > / o C(0); i.e., E™i ^ < 

E7 =1 ^ 2 - □ 

In the following we give the detail of computing d(Pr) for any given S and T. 



CASE I. S = d and T = Z l+1 , i.e., T = {o, Exp(7rV^T ej ) : 1 < i < I}. 

The denotation of Xi is similar to Section 5; from the definition of Ppj by (5-2)-(5.3), 

x = Eitl XiXi e Pr (Eitl ^ = 0) if and on iy if 

2 



Ai - A 2 > 0, • • • , Xi - X i+1 > 0, Ai - A ;+ i < 

l + l- 

(V>,V) 



fe=i fe=j+i 

Let 1 < to < Z such that A m > but A m+1 < 0. Then by (6.12), we have 



i i ( l+- 

E A fe < E ** (! < i < m )' where *fc = 1 1^ 

i 1 Z 1 v 



/,-L 1 " fc> [^-1- 
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Since t\ > t<i > ■ ■ ■ > t m > 0, by Lemma 6.2, we have 

v a 2 < < v 1 g + 2 - 2fc)2 - ^ + 2 ) f6 13) 

h h h {l+ im ' ^ 6(1 + im ^ 2 ' 

On the other hand, from (6.12) we have 

-A;+i > -A; > • • • > -A m+ i > 0; 

i+i i+i 
-Ai+i < ti+i, —Xi+i - Xi < U + \ + ti, ■ ■ ■ , ^2 (~^k) < ^ t k . 

fc=m+l k—m+1 

Where 

, _ J (i+l)W>,i/0 K - L 2 J' 

fe lo fc<m 

Since >£;>•••> i m +i > 0, by Lemma 5.4, we have 

V A 2 < V t 2 < V (2fc-^~2) 2 _ 1(1 + 2) 

(6.13) and (6.14) yield 

( X , x) = j:xt( Xk , Xk ) = y:m ■ - 2 {^) < ^ry^vo (6 - 15) 

and the equal sign holds if and only if 

£i I + 2 -2k 

x = n i ,\ x k G p r; 

^ (/ + i)(V>,V) 

so we have 

d(P r ) = ^(V, V)- 1/2 ^ 1/2 G + 2) 1 / 2 (? + I)- 1 ' 2 . (6.16) 

CASE II. S = ci (I > 3 is odd) and T = Z 2 , i.e., L = {o, E^p(ir^/^lei±i )}. 

At first, notice that the linear automorphism ip of ^ satisfying <^(7i) = Ji+i-i keeps (, ) 
invariant, which also satisfies ip(ei) = e; + i_i. 

The vertices of A are 0, ei,--- , ej; by (5.2)-(5.3), for every 1 < i < ^ti, (ej,ei+i) < 
l/2(ei+i ,ei+i ) if and only if i < ^±1, (e,, ei+i ) > l/2(ei+i , ei+i) if and only if i > so the 
vertices of Pr are 

0; e h via) (1 < t < -^-); e,, -^-¥>(ej) (-^- < j < -^-); 

. , / \ / l + l l + l l + l, ,„.,„. 

Wi,j,<P{wi,j) (1 < « < — ^- ,— ^- < J < — — )• (6-17) 
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Where 

1 



Vl ' 3 ~ 4(j - i) 
1 



((4j-l-l)ei + (l + l-4i) ej ), 



Wi 



By computing, we obtain 



-((4j - I - l)e< + (i + 1 - 4i) V ( ej )). (6.18) 



J (eiii^iii) 1 / 2 = ^W^r 1/2 a + 1) 1/2 ^ is even; 

rf(Pr) ~| (^A±3,^. i l3) 1 /2 = ^(^^)-l/2 ( 3 / _ 1) l/2 i±l is0 dd. (6 ' 19) 



4 ' 4 4 ' 4 



CASE III. S = b; and T = Z 2 , i.e., T = {o, Exp(7r-y/^Tei)}. 

The vertices of A are 0, ei, • • • , e^; by (5.5), (ei, e 3 ) = l/2(ei, ei) for every 2 < j < i, so the 
vertices of Pr include 

Since (l/2ei, l/2 ei ) = 1/2^, V)" 1 , (e,-, e,) = j/2(V>, V)" 1 (2 < j < I) (by (5.10)), we have 

d(P r ) = (e l ,e l ) 1/2 = ^(^r 1/2 l 1/2 . (6.20) 

CASE IV. S = c ; and T = Z 2 , i.e., T = {o, Exp(7iV^lez)}. 
By (5.6)-(5.7), a; = Y,\=i e P r if and only if 

Ai - A 2 > 0, • • • , A ; _x - A ; > 0, A ; > 0, Ai < — ^— , V A, < — l — . 

^ (V>,V>) 

By Lemma 6.1, if Z is even, 

(*>*) = E < ^((^)) 2 • ^ = 2(^) ; 

if Z is odd, 

2/ - 1 



(*•*> = E A2 (*^) * (^(t^)) 2 + (t^)) 2 ) • 



Then 

d(Pr) -J #(V,V>)- 1/2 i 1/2 « is even; , , 

W)-| 1(^^-1/2(2; _ 1) i/2 nsodd (6.21) 



CASE V. S = bi and T = Z^{K), i.e., T = {5, Exp^^^Te,) : i = 1, 1 - 1 or Z}. 
By (5.8)-(5.9), x = £- =1 \%i e P r if and only if 

Ai - A 2 > 0, • • • , Aj_i - Xi > 0, A ; _! + A ; > 0, Ai + A 2 < 



(V>,V)' 



x l-i ; I 
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A;-i+A ; > Oand A ; _i-A( > yield Aj_i > |A;| > 0; Y!iJi < j^-^ and^- = i A * ^ mj^J) 



yield £;=i A, + |A ; | < 

; -i i r 

4(V,V) 



i=l i=l ^ l 8«m/0 ' 1S 0Cla - 



and the equal sign holds if and only if x = J2i=i x i e Pr when I is even, x = J2i=i x i+ 



2(>p,ip) Xl X 1 e ^ r wncn I is °dd. Thus 



Mp.f \{^)' 1/2 l 1/2 i is even; 

^ (lM) -i /2(2/ _ 1)V 2 nsodd . ( 6 - 22 ) 

CASE VI. S = 6 ; and T = {5, Exp(7r\/^Tei)}. 

By (5.9), (ei, ej) = l/2(ei, ei) for every 2 < j < Z, so the vertices of Pr include 

0, 2 e i> e 2) - - ' .ei. 

Since (l/2ei,l/2ei) = 1/2^, V)" 1 , (e^e,) = j/2(V>, ?A)- 1 (2 < j < I ~ 2) and (ej_i,ei_i) = 
(e,,e,) = V2(V>,V>) _1 (by (5.10)), we have 

d(iV) = (e«_i, e ; -i) 1/2 - (e,, e ; ) 1/2 = ^ (V, ^)- 1/2 / 1/2 . (6.23) 

CASE VII. £ = fe ; (Z is even) and T = {o, Exp(7T\/^Te ; _i)} or {o, Exp^v/^Tei)}. 
By (5.9), when 1 < i < \, (ej,e;_i) < l/2(e ; _i, ej_i); when | < i < Z, (ej,e;_i) > 
l/2(e;_i, e;_i). Thus if T = {o, Exp(7r\^-le;_i)}, the vertices of Pr are 



i , \ i 



-{(l-A)ei + {l-2i)ei), — (le t + (I - 2^) e^ _ 1 ) (2 < i < I - 2); 



2(Z - 2 - i) vv ' ' ' v y ^ ' 2(Z — i) 

1 -((2j - 0e 4 + (Z - 2i)e j ) (2 < i < l - - 1 I + 1 < j < Z - 2); 



and 



2 (j_i)V^ v" -v~., V---- 2 - 2 

^ (ei + 6i) ' 2(T~2) ^ + (Z ~ 4)e ^^' 2(7^2) ^ (2J " 1)61 + 4)6 ^ 4 + 1 " j ~ 1 ~ 2) - 

d (Pr) = max { (e liei )^, (e, ,e, )V» } = { k f^f}^ /2 \ \ * (6.24) 

Similarly, if T = {o, Exp(7r-y/— le/)}, (6.24) also holds. 

CASE VIII. £ = c 6 and T = Z 3 , i.e., T = {o, Exp(TrV^Tei), Exp^-Z^Ies)}. 

By (5.10), the vertices of Pr are 

14 1 4 1 1 
0, e 3 , e 6 , -ei, -e 2 , -ei + -e 6 , -e 2 + -e 6 , 
2 5 5 5 2 2 

41 12 14 44 1 41 1 1 

5 64 ' 2 64 + 2 66 ' 3 64 + 6 61 ' 9 64 + 9 62 ' 9 e4 + 9 ei + 9^ 3 e4 + 3 e2 + 3^ 
11 41 11 21 1 21 4 4 

2 65 ' 5 65 + 5 66 ' 3 65 + 3 61 ' 6 65 + 3 62 ' 6 e5 + 6 ei + 3^ ^ + ^ + ^ 
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and 



d( J Pr) = (e3,e 3 ) 1 / 2 = ^(^^)- 1 / 2 . 



(6.25) 



CASE IX. E = c 7 and T = Z 2 , i.e., T = {o, Exp(7iV^lei)}. 
By (5.11), the vertices of Pr are 

13 9 1 9 13 

0, e 4 , e 5 , e 6 , e 7 , -ei, -e 2 , — e 3 , —ex + — e 5 , -e 2 + -e 5) 

1 11 3 1 13 1 

2 e 3 + 2 e 5> 4 e i + 4 e 6> 2 62 + 2 66 ' 4 63 + 4~ 66 

and 

d(Pr) - (er, er) 1 / 2 = ^)" 1/2 . (6.26) 

REMARK 6.1. If E = a;, T = Z r such that 2 < r < I + 1, the author temporarily has no 
idea to overcome the difficulty of computing d(Pr). 

7 The squared length of the highest restricted root 

Results of this section about (?/>, "0) compensate Section 6; after computing (?/>, -0), we can obtain 
i(Pr) and d(Pp) explicitly. 

In this section, we assume (u, #,(,)) be irreducible; the denotation of (, ), A, E, g, i>, , A , 

m 7 (7 € E) is same as Section 2; and denote by n and ^ respectively the rank of A and E. Then 
(u, 9, (,)) belongs to one of the two following types: (I) u is compact and simple, 9 is an invo- 
lution; (II) u is a product of two compact simple algebras exchanged by 9 (See [5] p. 28). 

TYPE I. In the case, A and E are both irreducible; denote by 5 the highest root of A; since 
the orderings of A and E are compatible, (i.e., a > f3 yields a > (3 for arbitrary a, G A), 5 is 
the highest root of E, i.e., ip = 5. 

Denote by 6 = {x £ 1) R : (x, S) = 0}, then Ani 1 is obviously a subsystem of A with an 
induced ordering; let B = {ai, • • • , a n } be the set of simple roots in A, then B 5 1 - is the 
simple root system of A n S- 1 , and a, € B n 6 if and only if S — ol; l ^ A U {0}; then according 
to the Dynkin diagram of A, we can clarify B D 6 and A n S 1 - (for details see |20j). 

On An 5 1 , we have the following lemmas: 
Lemma 7.1. (6,5) = 4(|A| - |A n 5^1 +6)" 1 . 

Lemma 7.2. (5,5) = (5,5) or 1/2(5,5), and the following conditions are equivalent: 

(a) (5,5) = (5,5); 

(b) 5 e = -6; 

(c) B C B n 5 ± , where B Q = B n A ; 

(d) m- s = 1. 

For details of the proof of the two Lemmas, see [20] , 
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According to Lemma 7.1, from those well known facts of |A| for every irreducible and 
reduced root system (see [8] pp. 461-474), we can obtain (5,6) as follows: 

A = o„ : (6, 6) 
A = b n : (8, 8) 
A = e 8 : (6,6) 

By Lemma 7.2, from the Satake diagram given by Araki in [T], we can justify whether 
(8,8) = (8,8) or (8,8) = 1/2(8,8) for every type of irreducible, simple and compact orthogo- 
nal involutive Lie algebras. The ultimate results are: (8,8) — 1/2(8,8) when (u, 8) belongs to 
A II, C II, E IV, F II or (u, 6) belongs to BD I and 1 = 1; otherwise (5, 8) = (8, 8) (for details 
see [2Q]). Combining the results with (7.1), we can compute (8,8), i.e., (ip,ip). 

TYPE II. In this case, we denote u = V ® 0, where v is a compact and simple Lie algebra; 
then 6(X, Y) = (Y, X) for arbitrary X, Y e 0, E = {(X, X) : X e »}, = {(X, —X) : X e »}. 
Let t be a maximal abelian subalgebra of v, to = \f— It, A* C to be the root system of » (g> C 
with respect to t g) C with an ordering; then I)p = {(X, — X) : X E t} is a maximal abelian 
space of p„ and we can assume ^ = : X e t}; thus \)p o = {(x, — x) : x € to}, 

k = {(^>y) : X >V G to} and 

A = (A*,0)U(0,A*), E={(ia,-ia):aeA*}. (7.2) 

A has an lexicographic ordering induced by the ordering of A*, and we can define an ordering 
on S: (l/2a, — l/2a) > if and only if a > 0; obviously A and S have compatible orderings. 
Denote by 8 the highest root of A*, then ip — (1/28,-1/28) and 

(V» = ((~£,-^M^-^)) = 1& S )> ( 7 - 3 ) 

i.e., the squared length of the highest restricted root is a half of the squared length of the 
highest root of A*. 



1 



(8,8) 



1 

2n - 1 : 



c n : (8,8) 



n + V 

' A = t 6 :(6,8) = ±-; A = t 7 : (6,8) = ±; 



n + V 



2n-2 
1 



12' 



18' 



-; A = U:(8,8) = p A = B2 :(8,5) = ± 



(7.1) 



8 Computation of injectivity radius and diameter 

From the definition of injectivity radius and diameter of an arbitrary Riemannian manifold, by 
Theorem 4.1, Denotation 6.1 and (4.4), we have the following Theorem. 

Theorem 8.1. Let (u,8,(,)) be a reduced, compact and irreducible orthogonal involutive Lie 
algebra, M = U / K be the simply connected Riemannian symmetric space associated with 
(u,0, (,)), M = M/r be a Clifford- Klein form of M, where T is a subgroup of Z^j(K) satisfying 
r 7^ {o}, then i(M) — we 1 ' 2 i(Pr) and d(M) — T7e 1 ^ 2 d(Pr), where e is a positive constant such 
that (,) = -£(,). 

REMARK 8.1. e has geometric meaning. Let V and R be respectively Levi-Civita connec- 
tion and curvature tensor on M with respect to the metric g (where R(X, Y) = — [Vx, Vy] + 
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then R(X, Y)Z = ad[X,Y]Z (cf. [T2] p. 231, notice the different sign convention for 
the curvature tensor); moreover, by choosing an adapted base we have 

Ric(X,Y) = -±(X,Y) = ±(X,Y) (8.1) 

(cf. [16] p. 180); i.e., M is an Einstein manifold with Ricci curvature l/(2e). 

Then from the results obtained in Section 6 and Section 7, we can compute i(M) and d(M) 
for every type of non-simply connected, compact and irreducible Riemannian symmetric spaces 
and list the results in Table 8.1 and Table 8.2. 



Table 8.1 



The injectivity radius and diameter of non-simply connected, compact and irreducible 
Riemannian symmetric spaces of Type I when e = 1, i.e., Ric =1/2 



Type 


M 


£ 


r 


i(M) 


d(M) 










^Tr(n-l) 1 / 2 


^7r(n 2 - l) 1 / 2 








Z« 

2 

(n > 6) 


jr(n- 2) 1 / 2 


unknown 


A I 


SU{n)/SO(n) 
(n > 2) 




z 2 


V2?r(n = 4) 
^7r(n = 6) 
7m 1 / 2 (n > 8) 


^Trn (4|n) 

^ 7 r(3n 2 -4n) 1 / 2 
(4fn) 








otherwise 


7m 1 / 2 


unknown 










y^7r(n - 1) 1/2 


^7r(n 2 - l) 1 / 2 








z» 

2 

(n > 6) 


27r(n-2) 1 / 2 


unknown 


A II 


SU(2n)/Sp(n) 
(n > 2) 




z 2 


2\/27r(n = 4) 
3\/27r(n = 6) 
2vm 1 / 2 (n > 8) 


^7rn (4|n) 

^7r(3n 2 - 4/1) 1 / 2 
(4fn) 








otherwise 




unknown 
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Table 8. 1( confirmed) 



Type 


M 


S 


r 


i(M) 


d(M) 


A III 


Gr p . p (C) 
(P>2) 


c P 


z 2 


^TTp (p < 3) 

V^7rp 1/2 (P> 4) 


7rp (p is even) 

^(2p 2 -p)V2 

(p is odd) 


C I 


bp(n)/ U yn) 
(n > 3) 


c„ 


z 2 


\/37r (n = 3) 

7r(n + l)V2 
(n > 4) 


(n is even) 
±7r(2n 2 + n- l) 1 / 2 
(n is odd) 










^7T(2p 2 +p) 1 /2 


^(2p 2 +p)V2 


C II 


Gr PiP (M) 
(P> 2) 


c„ 


z 2 


(P< 3) 
V2tt(2p+1) 1 / 2 
(P>4) 


(n is even) 
^(4p 2 - 1)V2 
(n is odd) 




Gr p ,,(R) 
(2 < p < q) 


bp 


z 2 


^7r(p + o-2) 1 /2 


^(p 2 +pg-2p) 1 /2 




S q 


dj 


z 2 


#7T(o- l) 1 / 2 


^^(0-1)1/2 

2 / 












V2 ( 2 \l/2 


BD I 






z mI^) 


-A- i\l/2 


(p is even) 
i^(2p 2 -3p+l) 1 / 2 
(p is odd) 




Gr p . p (R) 


bp 


{Exp(7rv^Tei),o} 


Trfc-l) 1 ^ 






(P>4) 




{Exp(7rv^Tep_i),o) 
{Exp(7rv^Tep),o} 
(p is even) 


Hp 2 -p) 1/2 

(p < 6) 

V2^(p-l) 1/2 
(P>8) 


2tt(p-1) 1 / 2 
(p < 6) 

^7T(p 2 - p) 1 / 2 

(P>8) 










Hn 2 -n)V2 


^7r(n 2 - n) 1 / 2 


D III 


SO{2n)/U(n) 


2 


z 2 


(n < 6) 


(4|n) 




(n > 4 is even) 






V^n-l) 1 / 2 
(n > 8) 


^7r(n- 1) 
(4fn) 


E I 


(e 6 ,sp(4)) 


C6 


z 3 


2V2tt 


47T 


E IV 


Oe,f 4 ) 


<J2 


z 3 


2V2tt 


3 " 


E V 


(e 7 ,su(8) 


C7 


z 2 


2 " 


3VT4 
2 " 


E VII 


(e 7 ,e 6 ®IR) 


C3 


z 2 


2 " 


3V3?r 
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Table 8.2 



The injectivity radius and diameter of non-simply connected, compact and irreducible 
Riemannian symmetric spaces of Type II when e = 1, i.e., Ric =1/2 



M 


A* 


r 


i(M) 


d{M) 








^(n-l) 1 ^ 


^7r(n 2 - 1)V2 






z» 

2 

(n > 6) 


V2 7 r(n-2) 1 / 2 


unknown 


SU(n) 
(n > 2) 


<Jn-l 




27r(n = 4) 
37r(n = 6) 

, /Ott>ki1/2/'~ 1 ^> 

V £7rn ' [n ^ oj 


^nn (4|n) 
i^(3n 2 -4n) 1 /2 

V 1 / 






otherwise 


1/2 


unknown 


Spin(2n + 1) 
(n > 2) 


K 




7r(2n- l) 1 / 2 


^(2n 2 - n)V2 


Sp(ri) 
(n > 3) 


Cn 




V67T (n = 3) 

\/2n(n + l) 1 / 2 
(n > 4) 


7r(n 2 + n) 1 / 2 

(n is even) 

^7r(2n 2 + n - 1) 1/2 
(n is odd) 










n(n 2 - n)V2 








V2V(n- l) 1 / 2 


(n is even) 
^7r(2n 2 -3n+l) 1 /2 
(n is odd) 


Spin(2n) 


i>n 


{Exp(7rv'— lei), o} 


\/27r(n- l) 1 / 2 


V2n{n 2 - n) 1 ' 2 


(n > 4) 




{Exp(7r\/-Te„_i), 5} 
{Exp(7rv / ^Te„),o) 
(n is even) 


^7r(n 2 - n) 1 ' 2 
(n < 6) 

27r(n- l) 1 / 2 
(n > 8) 


2V2ir(n - l) 1 / 2 
(n < 6) 

Tt(n 2 -nfl 2 
(n > 8) 


£■6 


^6 


z 3 


4tt 


4V2tt 


£ 7 


^7 


z 2 


3V3tt 


3V77T 



REMARK 8.2. In Table 8.1, M = M/T, where M is the universal covering space of M, 
r is a subgroup of Z-j^(K) = {p G M : r{k)p — p for every k G K}; £ denotes the restricted 
root system; i(M) and d(M) are respectively the injective diameter and the diameter of M. 
In Table 8.2^M is a non-simply connected, compact and simple Lie group with bi-invariant 
metric and M is the universal covering group of M with pullback metric; in this case, Z^(K) 

coincides with the center of M; let t> be the Lie algebra associated to M, t be a maximal abelian 
subalgcbra of v, then A* denotes the root system of »<£> C with respect to t® C (cf. Section 7). 
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REMARK 8.3. In Table 8.1, we identify b 2 and c 2 . 

REMARK 8.4. When M = Gr p , p (R), A = £ = b p ; the Satake diagram of (B, 6) is 




(cf. pQ) and the Dynkin diagram of £ is 

7i 72 7 P -2Y) 7p 

where 7, = (1 < i < p); furthermore, since l) R = i>p o , we have 9{pn) = —oti and 7, = c^. The 
definition of ei, • • • , e p _i, e p is similar to (3.1). Let </> be a linear automorphism of l) R such that 
= oti(l < i <p—2), (j)(a p -i) — a p and 4>{a p ) — a p _i, then 4> keeps (, ) invariant and can 
be extended to an automorphism of so(2p) , which is also denoted by <f>; since <fi commutes with 
6, it induces an isometry F of Gr PjP (R), which satisfies 

F(E^p(7iy^I ei )) = ExptTrv^Te,) (1 < i < p - 2); 

F(Exp(7r\/ 3 Te p _i)) = E^p(7iV^Te p ), F(Exp(7r\ /:: Te )9 )) = I^(7r\/~~~Ie p _i). (8.2) 

So whenp is even, Gr P:P (R)/{Exp(7r v / —le p _i), 0} and Gr PiP (R) / {Exp(7r y 7 — le p ) , 0} are isomet- 
ric to each other. Especially, when p = 4, an arbitrary linear automorphism <j) of l) R satisfying 
4>(B) — B and 4>{ct%) — a 2 keeps (,) invariant, which yields that Gr4 i 4(R)/{Exp(7rv / — lei), o}, 
Gr4 t 4 (R) / {Exp(7r-v / — lea) , 0} , Gr4 i 4(R)/{Exp(7r-v/— Te4),o} are isometric to each other. On the 
other hand, if p is even and p > 6, then Mi = Gr p , p (R) /{Exp(7r V~~~Tei ), 0} isn't isometric 
to M 2 = Gr PjP (R)/{Exp(7rV— le p _i), o}, although the fundamental group of them are both 
isomorphic to Z 2 ; it is easily seen from Table 8.1 (since i(M\) ^ i(M 2 ), d{M\) ^ d(M 2 )). 

^Similarly, 5pm(8)/{Sp( 7 rV^ = Te 1 ), 0} (i.e., SO (8)), Spin{8) / '{ Exp (TrV^Te 3)^0), Spin(8)/ 
{Exp(7r v / — le4), 0} are isometric to each other; if n is even and n > 6, Spin(2n) / {Exp(7rV— le n _i) 
and Spin(2n) / {Enp(ir\/ — le„), 0} are isometric to each other, but both of them aren't isometric 
to S , pm(2n)/{Exp(7rV=Tei),o} (i.e., 50(2n)). 

REMARK 8.5. In Table 8.1 and Table 8.2, we assume e = 1, i.e., the /^-invariant metric 
on M = U/K is induced by — (, ) on u, and Ric = 1/2. For general cases such that e / 1, we 
should multiply the corresponding results in Table 8.1 or Table 8.2 by e 1 / 2 . 

For example, let M = RP 9 = S q /Z 2 with canonical metric g such that K = 1, then 
Ric = q — 1 and Remark 8.1 yields e = l/(2(q — 1)); according to Table 8.1, 

i(M) = d(M) = ^ 7 r(g-l)VV/ 2 = |. (8.3) 
The result is well-known. 
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